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Characterization of triple *
sequence spaces via Orlicz functions

N. SUBRAMANIAN AND A. EsI

ABSTRACT. In this paper we study of the characterization and general
properties of triple gai sequence via Orlicz space of x3; of x* establishing
some inclusion relations.

1. INTRODUCTION

Throughout w, xy and A denote the classes of all, gai and analytic scalar
valued single sequences, respectively. We write w? for the set of all complex
sequences (Z,nk), where m, n, k € N, the set of positive integers. Then, w? is
a linear space under the coordinate wise addition and scalar multiplication.

We can represent triple sequences by matrix. In case of double sequences
we write in the form of a square. In the case of a triple sequence it will be
in the form of a box in three dimensional case.

Some initial work on double series is found in Apostol [1] and double
sequence spaces is found in Hardy [5], Subramanian et al. [10-12], and
many others. Later on investigated by some initial work on triple sequence
spaces is found in Sahiner et al. [9] , Esi et al. [2-4], Subramanian et al.
[13-19] and many others.

Let (znk) be a triple sequence of real or complex numbers. Then the
series Z;’fn k—1 Tmnk 18 called a triple series. The triple series Zﬁn k=1 Tmnk
is said to be convergent if and only if the triple sequence (S,,,,x) is convergent,
where

m,n,k
Smnk = Z Tijg(m,n, k=1,2,3,...).
i,4,q=1

A sequence © = (;nk) is said to be triple analytic if

1
SUp | Tk | mFE < oo,
m,n,k
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The vector space of all triple analytic sequences are usually denoted by A3.
A sequence z = (Z;nk) is called triple entire sequence if

1
|Trmnk| ™ FF — 0 as m,n, k — oo.

The vector space of all triple entire sequences are usually denoted by I'.
The space A? and I'? is a metric space with the metric
1
(1) d(z,y) = sup {]a:mnk — Ymnk | T TF tmyn k2 1,2,3, ... } ,
m,n,k

for all * = {Zyni} and y = {Ypnr } in T3,

Let ¢ = {finite sequences}.

Consider a double sequence z = (Zyni). The (m,n, k) section zl"7F]
of the sequence is defined by zl™m+ = Z%Zﬁoxijq(sijq for all m,n, k € N,

o0 -+ 0 0

o0 -~ 0 0
Omnk = Do .o

00 --- 1 0

_O O --- 0 0 ]

with 1 in the (m,n, k)" position and zero other wise.
A sequence x = (k) is said to be triple gai sequence if

(m+n+k)! |xmnk\)m+;+k — 0 as m,n, k — oo.

The triple gai sequences will be denoted by x>.

Consider a triple sequence x = (k). The (m,n, k
of the sequence is defined by z[™mkl = Z%’Zﬁomijq%@q for all m,n,k € N;
where G, denotes the triple sequence whose only non zero term is a

)t section xlm7k]

(i+j1+k)!
in the (4, j, k:)th place for each i, j, k € N.

An FK-space(or a metric space) X is said to have AK property if (Syunk)
is a Schauder basis for X, or equivalently glmnkl _y o

An FDK-space is a triple sequence space endowed with a complete metriz-
able; locally convex topology under which the coordinate mappings are con-
tinuous.

(0 0 --- 0 0
00 --- 00
6mnk: : : . : .
00 --- 10
00 - 00 |

with 1 in the (m,n, k)" position and zero other wise.
A sequence x = (k) is said to be triple gai sequence if
1
((m +n+ k) zmnk|) 7% — 0 as m,n,k — oo. The triple gai sequences
will be denoted by 3.
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Consider a triple sequence & = (Zynk). The (m,n, k)™ section gkl of
the sequence is defined by gkl — anjzkox”q\sl]q for all m,n,k € N;

where ;4 denotes the triple sequence whose only non zero term is a m

in the (4, j, k)th place for each i, 7,k € N.

An FK-space(or a metric space) X is said to have AK property if (Syunk)
is a Schauder basis for X, or equivalently ™™k — z.

An FDK-space is a triple sequence space endowed with a complete metriz-
able; locally convex topology under which the coordinate mappings are con-
tinuous.

If X is a sequence space, we give the following definitions:

(i) X’ is continuous dual of X;
(i) X = {a = (mnk) : Zf’f’mk:l |Gk Tmnk| < 00, for each x € X};

(iii) X% = {a = (amnk) : Zz}mk:lamnkl‘mnk is convergent, for each
zeX};
(iv) X7 = {a = (@mn) : SUDy, ;> ’ZmnkKl AmnkTmnk| < 00, for each

x € X}
(v) Let X be an FK-space D ¢; then X/ = {f(%mnk) cf € X/};
(Vi) X° = {a = (amnk) : SUDyy, 1k |a7,mk;:c,,mk|1/m+"+l€
x € X};
X XP X7 are called « - (or Kéthe-Toeplitz) dual of X, 3-(or generalized-
Kothe-Toeplitz) dual of X, y-dual of X,d-dual of X respectively. X< is

defined by Gupta and Kamptan [10]. It is clear that X® c X# and X C
X7, but X* C X7 does not hold.

< oo, for each

2. DEFINITIONS AND PRELIMINARIES

1
A sequence & = (Zyng)is said to be triple analytic if sup,, i [Tmnk| "7 +F <
00. The vector space of all triple analytic sequences is usually denoted by A3.

1
A sequence x = (Tynk) is called triple entire sequence if |z,k| ™7 % — 0
as m,n,k — oo. The vector space of triple entire sequences is usually
denoted by I'3. A sequence = (Tp,k) is called triple gai sequence if

1
((m 4+ n+ k) zmnk|) » % — 0 as m,n, k — co. The vector space of triple
gai sequences is usually denoted by x3. The space x? is a metric space with
the metric

1
@) A, y) = sup {((m + 1+ k) Znt — i) 7
2 m,n,k

m,n,k:1,2,3,...}

for all = {Z,ni} and y = {Ymnr} in x>

Let w? denote the set of all complex double sequences z = (zmnk)fsn 1

and M : [0,00) — [0,00) be an Orlicz function. Given a triple sequence,
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x € w?. Define the sets

1
‘ m-T1m
Xy ={reuw: (M (((m—i—n—i—k)p]mmnk\) ’ +k)) — 0,

as m,n, k — oo for somep>0}

and

1

mintk

A3:{x6w3: sup | M M <ooforsome,0>0}.
m,n,k>1 P

The space A% is a metric space with the metric

1
- TR
d(z,y) =inf{ p>0: sup <M<Wf‘/mnk’>> <1
m,n,k>1 P

The space X3, is a metric space with the metric

glv(:c,y) = inf {p >0: sup <M <(m+n+k)!|3;m"’“_ym”’“|>>m < 1} .

m,n,k>1

This paper is a study of the characterization and general properties of
gai sequences via triple Orlicz space of X%g of x? establishing some inclusion
relations.

3. MAIN RESULTS

Proposition 3.1. If M is a Orlicz function, then X?w 1S a linear set over
the set of complex numbers C.

Proof. 1t is trivial. Therefore, the proof is omitted. O
C
Proposition 3.2. (X?M)(S # A3,

Proof. Let y € d— dual of X:])’w. Then (M (W)) < MMt for

some constant M > 0 and for each z € x3,. Therefore, ( M <|yw;)nk|)> <

M™FF for each m,n, k by taking = (Sunx). This implies that y € A3,
Thus,

1)
(3) (Xir)" C A
We now choose M = id and define the triple sequences (ymnk) and (Zpnk)
by (Ymnk) = 1 for all m,n and k, and by

(m+2) 21 = 20m+2)* and (m4n+k) Zmnr = 0(n,k > 2) forall m=1,2, ...

Obviously, y € A3, and since (m + n + k)!Zpmne = 0 for all m,n,k > 0,
(m +n + k)!/(@ymnk) converges to zero. Hence, x € x3,. But

((m+2)! |am11mm11])m+ln+k =22 5 50 asm — 0,
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hence
6
(4) z ¢ (xi)" -
C
From (3) and (4), we are granted (X?\/[)é # A3,
This completes the proof. O

Proposition 3.3. The dual space of x3; is A3;. In other words (x3,)* =
A3,

Proof. We recall that

o O
o O
o o
o O

Symk = | ¢ - :
00 -- m 0
0 0 e 0 0
with m in the (m,n, k)th position and zero’s else where, with
x = Smnk,
(u (((m + 7+ k) |:cmnk|>m+i+k) .
p

M(O0VY3 /) MOV fp)

M(OY™ 4/ p) M (( Gy 7577 /p) - M(OY/ K42 /)
(m,n)th

M(ol/m+4/p) . M(ol/m+n+k+4/p)
0 . 0

. . :
0 M(<m>m+n+k /p) ol
(m,n,k)th

0 0

which is a triple gai sequence. Hence, Sk € X34, f(7) = Zf;f’n,k:l TmnkYmnk
with z € x3, and f € (x3,)*, where (x3,)* is the dual space of x3,.

Take = (Zmnk) = Smnk € X3, Then,
(5) [Ymnk| < N FI1d(Smnk,0) <00 Vm,n, k.

Thus, (Ymnk) is @ bounded sequence and hence an triple analytic sequence.
In other words, y € A3,. Therefore (x3,)* = A3,;. This completes the
proof. O



110 CHARACTERIZATION OF TRIPLE X3 SEQUENCE SPACES VIA ORLICZ FUNCTIONS

c
Proposition 3.4. (A?W)’B # X5

Proof. Step 1: Let (zpynk) € (A?w)ﬁ,

oo

m,n,k=1

Let us assume that (¥,nk) ¢ x3;- Then, there exists a strictly increasing
sequence of positive integers (m, + n, + kp) such that

(7)

(mp + 1p + kp)! [T (et | 1
(M ( p > Sty P=123,.).

Let

(myp +1p + kp) Wimy+np+ky) = o(mptnpthp) for (p=1,2,3,...),

Ymnk = 0 otherwise.

Then (Ymnk) € A‘?\/[. However,

5 (u(e=)-

m,n, k=1

_ i <M <(mp +np + kp)! "r(mp”pkp)y(mpnpkp)|>> >
p=1 ’

>14+1...

We know that the infinite series 1 +1+ 1+ ... diverges. Now we choose
M=id, where id is the identity and hence >0 1 (M (|ZmnkYmnk| /p))

diverges. This contradicts (6). Hence (Z,nk) € X3;. Therefore,

(8) (A%))7 X

If we now choose M = id, where id is the identity and yi1,x = T1,: = 1 and
Ymnk = Tmnk = 0 (m > 1) for all n, k, then obviously z € x3, and y € A3,
but Z;).j,n,kzl TonkYmnk = 00. Hence,

(9) yé (ML)

c
From (8) and (9), we are granted (A%)’B £ X3
This completes the proof. O
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Definition 3.5. Let p = (pmnk) be a triple sequence of positive real num-
bers. Then

2 (mtnt k) e ) 7 E )\
X (p) = {x = (Tmnk) + | M - Lo

(m,n,k—)oo)}

(10)

for some p > 0. Suppose that p,, is a constant for all m,n, k then x3,(p) =
X
Proposition 3.6. Let 0 < pnk < Gmnk for allm,n, k € N and let {q’""’“ }

Pmnk

be bounded. Then x3;(q) C x5 (p).
Proof. Let

(11) z € x3(q),
then

1 dmnk
(12) (M(((mJ’”Jr ) [ k) 7 )) 0, as m,n, k — oo.
p

Let tmnk = (M (((m +n+ k)' |mmnk’) 1/m +n+ k/p))qmnka and let Ymnk =
pmnk/ank~ Since Pmnk < dmnk, W€ have 0 < Ymnk <1l Let 0 < Y < Ymnk;

then
P tmnka if (tmnk > 1)
. 0, if (i < 1)
(13) TR 07 (tmnk > 1)
" Cmnks if ( mnk < ]-)
Unk = Umnk + Umnk, t;y,;r;&k = UZ;:{]L; + U:,:%y;;k
Now, it follows that
(14) u’rynn;ﬁck < Umnk < tmnka UZ”Lﬂ;Lrllck < umnk
Since ¢)mnk = o )mnk 4y Tmek e have ¢1mnF < tppnp + v, Thus,
Amnk\ Ymnk
(M (((m+n+ T ) /7575 ) )
< M(mn+n+MHx YL/mtnth )f”k
(15) l/m—i—n—i—k Amnk pmnk/‘]mnk
(M ((m+ 1+ B)! ] /o))

< (M (((m+ 1+ )Y i) /R

>ank

Pmnk

which yields
(M <((m +n+k)! |$mnk|)1/m+n+k /'0)>
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< (M (((m 1 ) |2 )R /p)>‘1mnk '
However,
(M <((m + 1 k) [T ) R /P))qmnk — 0 (by(12)).
Thus,

(M (((m 1 B[] /p))pmnk — 0 as m,n, k — oo.

Hence,

(16) z € X3 (P)-

Hence (11) and (16), we are granted

(17) Xir(@) € X (p)-

This completes the proof. O

Proposition 3.7. (a) Let 0 < inf ppnk < Pmnk < 1, then X3, (p) C X3,
(b) If 1 < prnk < SUp,,pp < 00, then X%/[ C X3(p).

Proof. The above statements are special cases of Proposition 3.6. Therefore,
it can be proved by similar arguments. O

Proposition 3.8. If 0 < punk < @mnk < 00 for each m,n, k then x3,(p) C
xX*(q)-
Proof. Let z € x3;(p), then

(18) (M (((m +n+k)! ]mmnk|)1/m+n+k))pmnk — 0, as m,n, k — oo.

This implies that (M (((m+n+ Jo)! | e |) /R /p)) < 1 for suffi-
ciently large m,n, k. Since M is non-decreasing, we get

(M (((m +n+k)! \xmnk|)1/m+n+k /p)>qmnk

1 < (M (((m+n+k)!\mmnk!)1/m+n+k /P))pmnk,

then (M (((m+ 1+ 1) i) /9) ) =5 0 a5 m,m, e o0 (by

using (18)).
Let z € x3,(q). Hence, x3,(p) C x*(¢). This completes the proof. O
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