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Characterization of triple χ3

sequence spaces via Orlicz functions

N. Subramanian and A. Esi

Abstract. In this paper we study of the characterization and general
properties of triple gai sequence via Orlicz space of χ3

M of χ3 establishing
some inclusion relations.

1. Introduction

Throughout w,χ and Λ denote the classes of all, gai and analytic scalar
valued single sequences, respectively. We write w3 for the set of all complex
sequences (xmnk), wherem,n, k ∈ N, the set of positive integers. Then, w3 is
a linear space under the coordinate wise addition and scalar multiplication.

We can represent triple sequences by matrix. In case of double sequences
we write in the form of a square. In the case of a triple sequence it will be
in the form of a box in three dimensional case.

Some initial work on double series is found in Apostol [1] and double
sequence spaces is found in Hardy [5], Subramanian et al. [10-12], and
many others. Later on investigated by some initial work on triple sequence
spaces is found in Sahiner et al. [9] , Esi et al. [2-4], Subramanian et al.
[13-19] and many others.

Let (xmnk) be a triple sequence of real or complex numbers. Then the
series

∑∞
m,n,k=1 xmnk is called a triple series. The triple series

∑∞
m,n,k=1 xmnk

is said to be convergent if and only if the triple sequence (Smnk) is convergent,
where

Smnk =

m,n,k∑
i,j,q=1

xijq(m,n, k = 1, 2, 3, . . . ).

A sequence x = (xmnk) is said to be triple analytic if

sup
m,n,k

|xmnk|
1

m+n+k <∞.
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The vector space of all triple analytic sequences are usually denoted by Λ3.
A sequence x = (xmnk) is called triple entire sequence if

|xmnk|
1

m+n+k → 0 as m,n, k →∞.
The vector space of all triple entire sequences are usually denoted by Γ3.
The space Λ3 and Γ2 is a metric space with the metric

(1) d(x, y) = sup
m,n,k

{
|xmnk − ymnk|

1
m+n+k : m,n, k : 1, 2, 3, . . .

}
,

for all x = {xmnk} and y = {ymnk} inΓ3.
Let φ = {finite sequences}.
Consider a double sequence x = (xmnk). The (m,n, k)th section x[m,n,k]

of the sequence is defined by x[m,n,k] =
∑m,n,k

i,j,q=0xijqδijq for all m,n, k ∈ N,

δmnk =


0 0 · · · 0 0 · · ·
0 0 · · · 0 0 · · ·
...

...
. . .

...
...
. . .

0 0 · · · 1 0 · · ·
0 0 · · · 0 0 · · ·


with 1 in the (m,n, k)th position and zero other wise.

A sequence x = (xmnk) is said to be triple gai sequence if

((m+ n+ k)! |xmnk|)
1

m+n+k → 0 as m,n, k →∞.
The triple gai sequences will be denoted by χ3.

Consider a triple sequence x = (xmnk). The (m,n, k)th section x[m,n,k]

of the sequence is defined by x[m,n,k] =
∑m,n,k

i,j,q=0xijq=ijq for all m,n, k ∈ N ;
where =ijq denotes the triple sequence whose only non zero term is a 1

(i+j+k)!

in the (i, j, k)th place for each i, j, k ∈ N.
An FK-space(or a metric space)X is said to have AK property if (=mnk)

is a Schauder basis for X, or equivalently x[m,n,k] → x.
An FDK-space is a triple sequence space endowed with a complete metriz-

able; locally convex topology under which the coordinate mappings are con-
tinuous.

δmnk =


0 0 · · · 0 0 · · ·
0 0 · · · 0 0 · · ·
...

...
. . .

...
...

. . .
0 0 · · · 1 0 · · ·
0 0 · · · 0 0 · · ·


with 1 in the (m,n, k)th position and zero other wise.

A sequence x = (xmnk) is said to be triple gai sequence if
((m+ n+ k)! |xmnk|)

1
m+n+k → 0 as m,n, k → ∞. The triple gai sequences

will be denoted by χ3.
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Consider a triple sequence x = (xmnk). The (m,n, k)th section x[m,n,k] of
the sequence is defined by x[m,n,k] =

∑m,n,k
i,j,q=0xijq=ijq for all m,n, k ∈ N ;

where =ijq denotes the triple sequence whose only non zero term is a 1
(i+j+k)!

in the (i, j, k)th place for each i, j, k ∈ N.
An FK-space(or a metric space)X is said to have AK property if (=mnk)

is a Schauder basis for X, or equivalently x[m,n,k] → x.
An FDK-space is a triple sequence space endowed with a complete metriz-

able; locally convex topology under which the coordinate mappings are con-
tinuous.

If X is a sequence space, we give the following definitions:
(i) X ′ is continuous dual of X;
(ii) Xα =

{
a = (amnk) :

∑∞
m,n,k=1 |amnkxmnk| <∞, for each x ∈ X

}
;

(iii) Xβ =
{
a = (amnk) :

∑∞
m,n,k=1amnkxmnk is convergent, for each

x ∈ X
}
;

(iv) Xγ =
{
a = (amn) : supm,n≥1

∣∣∣∑M,N,K
m,n,k=1 amnkxmnk

∣∣∣ < ∞, for each

x ∈ X
}
;

(v) Let X be an FK-space ⊃ φ; then Xf =
{
f(=mnk) : f ∈ X ′

}
;

(vi) Xδ =
{
a = (amnk) : supm,n,k |amnkxmnk|

1/m+n+k < ∞, for each
x ∈ X

}
;

Xα, Xβ , Xγ are called α - (or Köthe-Toeplitz) dual of X,β-(or generalized-
Köthe-Toeplitz) dual of X, γ-dual of X, δ-dual of X respectively. Xα is
defined by Gupta and Kamptan [10]. It is clear that Xα ⊂ Xβ and Xα ⊂
Xγ , but Xα ⊂ Xγ does not hold.

2. Definitions and Preliminaries

A sequence x = (xmnk)is said to be triple analytic if supmnk |xmnk|
1

m+n+k <
∞. The vector space of all triple analytic sequences is usually denoted by Λ3.
A sequence x = (xmnk) is called triple entire sequence if |xmnk|

1
m+n+k → 0

as m,n, k → ∞. The vector space of triple entire sequences is usually
denoted by Γ3. A sequence x = (xmnk) is called triple gai sequence if
((m+ n+ k)! |xmnk|)

1
m+n+k → 0 as m,n, k →∞. The vector space of triple

gai sequences is usually denoted by χ3. The space χ3 is a metric space with
the metric

d(x, y) = sup
m,n,k

{
((m+ n+ k)! |xmnk − ymnk|)

1
m+n+k ,

m, n, k : 1, 2, 3, . . .
}(2)

for all x = {xmnk} and y = {ymnk} in χ3.
Let w3 denote the set of all complex double sequences x = (xmnk)

∞
m,n,k=1

and M : [0,∞) → [0,∞) be an Orlicz function. Given a triple sequence,
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x ∈ w3. Define the sets

χ3
M =

{
x ∈ w3 :

(
M

(
((m+ n+ k)! |xmnk|)

1
m+n+k

ρ

))
→ 0,

as m,n, k →∞ for some ρ > 0
}

and

Λ3
M =

{
x ∈ w3 : sup

m,n,k≥1

(
M

(
|xmnk|

1
m+n+k

ρ

))
<∞ for some ρ > 0

}
.

The space Λ3
M is a metric space with the metric

d (x, y) = inf

{
ρ > 0 : sup

m,n,k≥1

(
M

(
|xmnk − ymnk|

ρ

)) 1
m+n+k

≤ 1

}
The space χ3

M is a metric space with the metric

d̃ (x, y) = inf

{
ρ > 0 : sup

m,n,k≥1

(
M
(
(m+n+k)!|xmnk−ymnk|

ρ

)) 1
m+n+k ≤ 1

}
.

This paper is a study of the characterization and general properties of
gai sequences via triple Orlicz space of χ3

M of χ3 establishing some inclusion
relations.

3. Main Results

Proposition 3.1. If M is a Orlicz function, then χ3
M is a linear set over

the set of complex numbers C.

Proof. It is trivial. Therefore, the proof is omitted. �

Proposition 3.2.
(
χ3
M

)δ ⊂6= Λ3
M

Proof. Let y ∈ δ− dual of χ3
M . Then

(
M
(
|xmnkymnk|

ρ

))
≤ Mm+n+k for

some constant M > 0 and for each x ∈ χ3
M . Therefore,

(
M
(
|ymnk|
ρ

))
≤

Mm+n+k for each m,n, k by taking x = (=mnk). This implies that y ∈ Λ3
M .

Thus,

(3)
(
χ3
M

)δ ⊂ Λ3
M .

We now choose M = id and define the triple sequences (ymnk) and (xmnk)
by (ymnk) = 1 for all m,n and k, and by

(m+2)!xm11 = 2(m+2)2 and (m+n+k)!xmnk = 0(n, k ≥ 2) for all m = 1, 2, . . .

Obviously, y ∈ Λ3
M and since (m + n + k)!xmnk = 0 for all m,n, k ≥ 0,

(m+ n+ k)!(xmnk) converges to zero. Hence, x ∈ χ3
M . But

((m+ 2)! |am11xm11|)
1

m+n+k = 2m+2 →∞ as m→∞,
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hence

(4) x /∈
(
χ3
M

)δ
.

From (3) and (4), we are granted
(
χ3
M

)δ ⊂6= Λ3
M .

This completes the proof. �

Proposition 3.3. The dual space of χ3
M is Λ3

M . In other words (χ3
M )∗ =

Λ3
M .

Proof. We recall that

=mnk =


0 0 · · · 0 0 · · ·
0 0 · · · 0 0 · · ·
...

...
. . .

...
...

. . .
0 0 · · · 1

(m+n+k)! 0 · · ·
0 0 · · · 0 0 · · ·


with 1

(m+n+k)! in the (m,n, k)th position and zero’s else where, with

x = =mnk,

{
M

(
((m+ n+ k)! |xmnk|)

1
m+n+k

ρ

)}
=

M(01/3/ρ)
... M(01/1+n+k/ρ)

...
. . .

...
M(01/m+4/ρ) M(( 1

(m+n+k)!)
1

m+n+k /ρ)

(m,n)th

M(01/m+n++k+2/ρ)

M(01/m+4/ρ) · · · M(01/m+n+k+4/ρ)

 =


0 · · · 0
...

. . .
...

0 M(
(

1
(m+n+k)!

) 1
m+n+k

/ρ)

(m,n,k)th

0

0 · · · 0

 ,

which is a triple gai sequence. Hence, =mnk ∈ χ3
M , f(x) =

∑∞
m,n,k=1 xmnkymnk

with x ∈ χ3
M and f ∈ (χ3

M )∗, where (χ3
M )∗ is the dual space of χ3

M .
Take x = (xmnk) = =mnk ∈ χ3

M . Then,

(5) |ymnk| ≤ ‖f‖ d(=mnk, 0) <∞ ∀m,n, k.

Thus, (ymnk) is a bounded sequence and hence an triple analytic sequence.
In other words, y ∈ Λ3

M . Therefore (χ3
M )∗ = Λ3

M . This completes the
proof. �
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Proposition 3.4.
(
Λ3
M

)β ⊂6= χ3
M

Proof. Step 1: Let (xmnk) ∈
(
Λ3
M

)β ,
(6)

∞∑
m,n,k=1

|xmnkymnk| <∞∀ (ymnk) ∈ Λ3
M .

Let us assume that (xmnk) /∈ χ3
M . Then, there exists a strictly increasing

sequence of positive integers (mp + np + kp) such that
(7)(
M

(
(mp + np + kp)!

∣∣x(mp+np+kp)

∣∣
ρ

))
>

1

2(mp+np+kp)
, (p = 1, 2, 3, . . . ) .

Let

(mp + np + kp)!y(mp+np+kp) = 2(mp+np+kp) for (p = 1, 2, 3, . . . ) ,

ymnk = 0 otherwise.

Then (ymnk) ∈ Λ3
M . However,

∞∑
m,n,k=1

(
M

(
|xmnkymnk|

ρ

))
=

=
∞∑
p=1

(
M

(
(mp + np + kp)!

∣∣x(mpnpkp)y(mpnpkp)

∣∣
ρ

))
>

> 1 + 1 . . .

We know that the infinite series 1 + 1 + 1 + . . . diverges. Now we choose
M=id, where id is the identity and hence

∑∞
m,n,k=1 (M (|xmnkymnk| /ρ))

diverges. This contradicts (6). Hence (xmnk) ∈ χ3
M . Therefore,

(8)
(
Λ3
M

)β ⊂ χ3
M .

If we now choose M = id, where id is the identity and y1nk = x1nk = 1 and
ymnk = xmnk = 0 (m > 1) for all n, k, then obviously x ∈ χ3

M and y ∈ Λ3
M ,

but
∑∞

m,n,k=1 xmnkymnk =∞. Hence,

(9) y /∈
(
Λ3
M

)β
.

From (8) and (9), we are granted
(
Λ3
M

)β ⊂6= χ3
M .

This completes the proof. �
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Definition 3.5. Let p = (pmnk) be a triple sequence of positive real num-
bers. Then

χ3
M (p) =

{
x = (xmnk) :

(
M

(
((m+n+k)!|xmnk|)

1
m+n+k

ρ

))pmnk

→ 0,

(m,n, k →∞)
}(10)

for some ρ > 0. Suppose that pmnk is a constant for allm,n, k then χ3
M (p) =

χ3
M .

Proposition 3.6. Let 0 ≤ pmnk ≤ qmnk for all m,n, k ∈ N and let
{
qmnk
pmnk

}
be bounded. Then χ3

M (q) ⊂ χ3
M (p).

Proof. Let

(11) x ∈ χ3
M (q),

then

(12)

(
M

(
((m+ n+ k)! |xmnk|)

1
m+n+k

ρ

))qmnk

→ 0, as m,n, k →∞.

Let tmnk = (M (((m+ n+ k)! |xmnk|) 1/m+ n+ k/ρ))qmnk , and let γmnk =
pmnk/qmnk. Since pmnk ≤ qmnk, we have 0 ≤ γmnk ≤ 1. Let 0 < γ < γmnk,
then

(13)

umnk =

{
tmnk, if (tmnk ≥ 1)

0, if (tmnk < 1)

vmnk =

{
0, if (tmnk ≥ 1)

tmnk, if (tmnk < 1)

tmnk = umnk + vmnk, tγmnk
mnk = uγmnk

mnk + vγmnk
mnk .

Now, it follows that

(14) uγmnk
mnk ≤ umnk ≤ tmnk, vγmnk

mnk ≤ u
γ
mnk.

Since tγmnk
mnk = uγmnk

mnk + vγmnk
mnk , we have tγmnk

mnk ≤ tmnk + vγmnk. Thus,

(15)

(
M
(

((m+ n+ k)! |xmnk|)1/m+n+k /ρ
)qmnk

)γmnk

≤
(
M
(

((m+ n+ k)! |xmnk|)1/m+n+k /ρ
))qmnk

,(
M
(

((m+ n+ k)! |xmnk|)1/m+n+k /ρ
)qmnk

)pmnk/qmnk

≤
(
M
(

((m+ n+ k)! |xmnk|)1/m+n+k /ρ
))qmnk

,

which yields (
M
(

((m+ n+ k)! |xmnk|)1/m+n+k /ρ
))pmnk
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≤
(
M
(

((m+ n+ k)! |xmnk|)1/m+n+k /ρ
))qmnk

.

However,(
M
(

((m+ n+ k)! |xmnk|)1/m+n+k /ρ
))qmnk

→ 0 (by(12)).

Thus,(
M
(

((m+ n+ k)! |xmnk|)1/m+n+k /ρ
))pmnk

→ 0 as m,n, k →∞.

Hence,

(16) x ∈ χ3
M (p).

Hence (11) and (16), we are granted

(17) χ3
M (q) ⊂ χ3

M (p).

This completes the proof. �

Proposition 3.7. (a) Let 0 < inf pmnk ≤ pmnk ≤ 1, then χ3
M (p) ⊂ χ3

M .
(b) If 1 ≤ pmnk ≤ supmnk <∞, then χ3

M ⊂ χ3(p).

Proof. The above statements are special cases of Proposition 3.6. Therefore,
it can be proved by similar arguments. �

Proposition 3.8. If 0 < pmnk ≤ qmnk <∞ for each m,n, k then χ3
M (p) ⊆

χ3(q).

Proof. Let x ∈ χ3
M (p), then

(18)
(
M
(

((m+ n+ k)! |xmnk|)1/m+n+k
))pmnk

→ 0, as m,n, k →∞.

This implies that
(
M
(

((m+ n+ k)! |xmnk|)1/m+n+k /ρ
))
≤ 1 for suffi-

ciently large m,n, k. Since M is non-decreasing, we get

(19)

(
M
(

((m+ n+ k)! |xmnk|)1/m+n+k /ρ
))qmnk

≤
(
M
(

((m+ n+ k)! |xmnk|)1/m+n+k /ρ
))pmnk

,

then
(
M
(

((m+ n+ k)! |xmnk|)1/m+n+k /ρ
))qmnk

→ 0 as m,n, k →∞ (by
using (18)).

Let x ∈ χ3
M (q). Hence, χ3

M (p) ⊆ χ3(q). This completes the proof. �
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